We consider boson stars in Brans Dicke gravity, focusing on general ω weak field solutions and ω = −1 strong field solutions. We discuss three definitions of quasilocal mass adapted to the spherical symmetry of the solutions: the Schwarzschild mass, the Keplerian mass and the Tensor mass, and discuss how the asymptotic values of these masses may be derived from an ADM-like formula. We show that in all solutions there is a region in which the Schwarzschild mass has a negative gradient and that in the weak field limit, the ADM mass of the star is negative for ω < −1. We reject the Schwarzschild and ADM masses as descriptions of the quasilocal and total energies of the star. The Tensor and Keplerian masses are well behaved for all weak field solutions and all ω = −1 strong field solutions. However, the maximum Keplerian mass solution does not correspond to the maximum rest mass solution and so we reject the Keplerian mass as a measure of the star's energy. The maximum Tensor mass solution does have this property, and we conjecture that this quantity correctly describes the energy of the star.
Introduction
highly relativistic objects and the solutions to the field equations are reasonably easy to find.
In this paper we discuss how on defines the mass of a boson star in an alternative theory of gravity. For simplicity we consider only BD theory and take as our matter field a non-self interacting massive boson field. We focus on the ω = −1 solutions since in this case the field equations are sufficiently different to the corresponding GR equations for the effects of the varying gravitational coupling to be readily apparent. We take as our mass scale the Planck mass calculated from Newton's constant, so that the masses of solutions presented here may be compared to the masses of other boson star solutions cited above.
The plan of the paper is as follows. In Section 2 we present the field equations and the resulting equations of motion for the stars, and derive an expression for the conserved boson charge. In Section 3 we consider how one operationally defines mass and give three definitions of quasi-local mass adapted to the spherical symmetry of the solutions. We also discuss a generalisation of the ADM mass valid in BD theory. In Section 4 we examine the asymptotic form of the solutions and show that, in this limit, the quasi-local and generalised ADM masses coincide. In Section 5 we discuss some features of both the weak field and strong field solutions, in the latter case focusing of ω = −1 solutions. Here we discuss some of the properties of the mass values we have defined in Section 4. In Section 6 we give some concluding remarks. Throughout this paper we use the sign and index conventions of [11] .
Structure Equations
We take as our starting point the action for Brans-Dicke gravity minimally coupled to a complex boson field Ψ:
where α is the mass of the boson particles and we have chosen units in which c = 1. The dilaton field φ is dimensionless and the product e φ G measures the strength of the gravitational coupling.
Varying the metric leads to the field equations G µν = (1 + ω)∇ µ φ∇ ν φ − (1 + ω/2)g µν ∇ σ φ∇ σ φ − ∇ µ ∇ ν φ + g µν 2φ + 8πGe φ T µν (2.2) where
is the energy momentum tensor of the boson field. Varying the dilaton and boson fields gives the dilaton wave equation
and the boson wave equations
The action possesses a global U (1) symmetry which implies the existence of a conserved current
Note that J µ has no explicit dependence on φ: eqn (2.6) is identical to the GR definition since the boson field is minimally coupled to R. For an asymptotically flat spacetime and timelike current, eqn (2.6) gives a conserved (time-independent) charge
where the integral is taken over the spacelike hypersurface orthogonal to J µ . In contrast with the solution discussed in [13] , there in no conserved charge associated with the dilaton field. Although we have written the dilaton terms on the right of eqn (2.2), so that they contribute to the total energy momentum tensor, we interpret φ as an extra component of the gravitational field, not as an additional particle field. We discuss static, spherically symmetric equilibrium solutions. Using the standard orthogonal {t, r, θ, ϕ} coordinate basis we write the line element as
where ν and λ are functions of R. We denote the normalised timelike Killing vector field by ξ µ . Our solutions will be singularity and horizon free, so the coordinate system defined by eqn (2.8) is well behaved. We assume that the boson wave function Ψ can be separated into a static eigenfunction and a time dependent oscillatory part:
where Ω is a real dimensionless constant and P is a real dimensionless function of R. The product Ωα defines the ground-state energy of the bosons in the eigenstate P (R). From the line element (2.8) and the wavefunction (2.9), it is easy to show that T µν obeys the weak energy condition.
Before writing the equations of motion, we define a new dimensionless radial coordinate
Then, using eqns (2.8) and (2.9) the independent components of the field and wave equations reduce to the following system of coupled ODEs:
12)
and 14) where the prime denotes d dr .
To solve these equations we impose the boundary conditions
where throughout this paper the subscripts '0' and '∞' denote values at r = 0 and r = ∞ respectively. The first three conditions enforce regularity of the solutions at the origin, while the last condition ensures that the boson matter is localised and the solutions are asymptotically flat. For any given ω the solutions may be parameterised by P 0 and φ ∞ . The equations of motion then become eigenvalue equations for Ω. Note that the value of e ν at infinity is arbitrary: eqns (2.11) to (2.14) are invariant under the rescaling ν → ν + k, Ω → Ωe k where k is constant. We use this freedom to set e ν∞ = 1 which fixes the scale of our time coordinate and consequently our unit of energy. The equations of motion automatically lead to the asymptotic conditions P
From eqns (2.6) and (2.9), J µ is parallel to ∂ ∂t and has the non-zero component
Substituting this into the integral (2.7) we have
where we have expressed N ∞ in units of M 2 pl /α =h/αG. Since there are no Maxwell terms present in the action (2.1), the bosons have no electromagnetic charge and we interpret the quantity 1 α N ∞ as the total boson particle number so that N ∞ is the total rest mass of the star. Finally we note that to recover the GR equations of motion and their corresponding solutions we take the limit ω → ∞ which implies that φ → φ GR , where φ GR is constant. Since we have included Newton's constant G in the action (2.1), we have used up the freedom to scale the dilaton (which is equivalent to rescaling the unit of mass) and so we have the additional requirement φ GR = 0.
Quasi-Local and ADM Masses
Operationally, in Newtonian theory one determines the active gravitational mass GM A of a gravitating source by applying Kepler's third law. A test particle in a circular orbit of radius R and angular velocity dϕ/dt about the source measures an active mass
This mass is a product of the gravitational coupling strength G and the "bare" mass M A of the source. If the source is spherically symmetric, eqn (3.1) is valid for all R and it measures the gravitational mass GM A (R) contained within the 2-sphere Σ(R) of radius R. The source will also have a passive gravitational mass M P and a gravitational binding energy B of the form
where R 0 is the radius of the source. If we treat G as a variable, then given a solution describing an object of mass (GM A , M P ), we may generate new solutions from this by making the rescaling
where k is a constant. The active mass GM A and the test particle orbits are invariant under eqn (3.3) while the binding energy transforms as B → B/k. Hence the rescaling (3.3) generates physically distinct solutions. Of course, one cannot carry out this procedure within the framework of Newtonian theory: from Newton's third law (a consequence of the global conservation of energy and momentum) we must equate M A and M P . Furthermore, since Newtonian gravity obeys the WEP we must equate passive gravitational mass and inertial mass. This latter quantity may be measured by some non-gravitational experiment. The coupling strength G then becomes a universal constant of the theory and k in eqn (3.3) is fixed by our choice of units. However, as we show later, in BD theory an analogue of eqn (3.3) does exist and may be used to generate new solutions. For metric theories of gravity the determination of mass is somewhat more ambiguous. There is no clearly defined notion of passive gravitational mass, while in general there is no way of measuring the inertial mass of an extended gravitating body. We may only define the active gravitational mass of a source, part of which is held in the source's gravitational field. This field mass cannot be localised and must vanish in a local inertial frame, so may not be described by a tensor. All we can discuss is some total gravitational mass, which is determined by the metric g µν and any additional tensor or scalar gravitational fields appearing in the theory. Furthermore, for metric theories other than GR, the Strong Equivalence Principle (SEP, defined in [16] ) is violated. Because of this, the mass we measure using Kepler's third law depends upon the test particle's gravitational binding energy. Hence, in an alternative theory of gravity we cannot in general separate the gravitational coupling strength from the bare mass of the source. In addition there is no guarantee that the active gravitational mass measured by studying particle orbits is in any way related to the total energy of the spacetime.
Returning to the boson star solutions, we first discuss three definitions of quasilocal mass, adapted to the symmetries of the line element (2.8 ). An acceptable definition of the mass M (U) of a submanifold U must satisfy the following three requirements: (a) M is non-negative, (b) M = 0 everywhere in Minkowski spacetime, and (c) given two submanifolds U and V, such that U ⊂ V, then M (U) ≤ M (V). In addition we shall require that, in the appropriate limit, M (U) tends towards to some generalisation of the ADM mass, derived from the gravitational Hamiltonian of the system. This will give some correspondence between the mass M and the energy of the star, which is the quantity we wish to determine.
We first consider the generalised Schwarzschild mass, which is given by the familiar expression
where m(r) is measured in units of M 2 pl /α and ρ is the total energy density, given by
is the definition of mass adopted in all references on boson stars cited in the introduction, and it gives an unambiguous definition of the energy of a spherically symmetric, asymptotically flat system in GR (see [11] , p. 603): provided ρ is non-negative, m(r) satisfies conditions (a) to (c) outlined above and in the limit r → ∞, m(r) tends to the ADM mass. However, in Brans Dicke theory one or more of these conditions may be violated even for a physically reasonable energy momentum tensor. This is indeed the case for the ω = −1 boson star solutions discussed later. From eqn (3.5) and the field equations (2.2) the total energy density of the boson star is given by
where D/dτ is the covariant derivative along the integral curves of ξ µ and we have used the fact that Dφ/dτ = 0. This expression contains non-positive definite terms, so although T µν obeys the weak energy condition, in all ω = −1 solutions ρ is still negative for some range of r. As we show later, there also exist solutions for which m(r) < 0 everywhere. Thus the Schwarzschild mass function does not satisfy conditions (a) to (c) above.
As an alternative to eqn (3.4), we may determine the gravitational mass enclosed within a two sphere Σ(r) by measuring the analogue of the gravitational acceleration of a test particle at radius r. More specifically, we consider circular geodesic orbits and use eqn (3.1) to determine the mass enclosed by the orbit. This definition of mass is valid in a static, spherically symmetric spacetime. In this case we may project a particle orbit of constant r onto a hypersurface orthogonal to ξ µ to form a circle about the centre of symmetry. The set of all orbits at this radius, projected in the same way, then form a closed two sphere Σ(r). The matter and gravitational fields contained within this sphere remain constant in time, and so the orbital mass is well defined. Since the SEP is violated in BD theory, the value of the orbital mass we measure depends upon the binding energy of the orbiting test particle.
We consider two orbital masses: the Keplerian and the Tensor mass. A non-self gravitating test particle in a circular geodesic orbit in the geometry of eqn (2.8) moves with an angular velocity
as measured by an observer at infinity. Use of eqn (3.1) then leads to the Keplerian mass function
in units of M 2 pl /α. The Tensor mass we define similarly by considering the circular orbit of a test particle in the Einstein frame, whose metricg µν is conformally related to the physical (Jordan frame) metric g µν by the transformationg µν = e −φ g µν . The orbital angular velocity in the Einstein frame is given by
Kepler's third law (3.1) then gives the Tensor mass function
which may be interpreted as the mass measured by an orbiting test black hole in the Jordan frame [5] . As with the previous mass functions, the Tensor mass is given in units of M 2 pl /α. Numerical calculations for the ω = −1 BD solutions show that both M and M are nondecreasing functions of r. From eqns (3.7) and (3.9), both mass functions are also non-negative definite (as a corollary eqn (3.8) implies that e ν is a non-decreasing function of r). This result is independent of the value of ω chosen. In Minkowski spacetime one has M = M = 0 everywhere. Hence the Keplerian and Tensor masses satisfy conditions (a) to (c) given above.
Lee [10] has shown that one can derive ADM-like masses in Brans-Dicke gravity from the superpotential
where n is an integer. The potential satisfies the conservation law H µναβ ,ναβ = 0 and on integrating this expression and using Stoke's theorem twice we have the generalised ADM mass
where the integral is performed over the 2-sphere Σ(r) in the limit r → ∞. Note that when n = 0 eqn (3.12) gives the ADM mass in the Jordan frame. Our definition of H µναβ differs from the one given in [10] by a factor of e nφ∞ which is included here so that M n is expressed in units of M 2 pl /α. For the metric defined by eqn (2.8), the integral (3.12) evaluates to
where φ 1 = lim r→∞ (r 2 dφ dr ). In the following Section we shall relate this expression to the asymptotic limits of the quasilocal masses.
The Asymptotic Form of the Solutions
Expanding the metric and mass functions in powers of 1/r about r = ∞, one can show that to order 1/r the line element is given by
where M ∞ is the limit of eqn (3.8) as r → ∞. In general, φ 1 is non-zero and the dilaton field behaves asymptotically as
Equation (4.1) is a special case of the vacuum BD solution given in [1] and the asymptotic solution is determined by two parameters which we take here to be φ 1 and M ∞ . For this form of the metric, the boson wave equation (2.14) has the asymptotic solution
where
The boson field falls off exponentially with r, far more rapidly than any other field. This justifies the use of the name "star" in describing these solutions: although the object has no well defined surface, the boson matter is still highly localised. The parameter κ may be interpreted as the reciprocal radius of the star and must be real for an acceptable solution. This implies that Ω ≤ 1.
These solutions are asymptotically flat, so for large r we have 1 − e −λ ∼ 1 2 (1 − e −2λ ). Hence, setting n = 0 in eqn (3.13) and comparing the result with eqn (3.4) gives
and we see that, as mentioned above, the generalised Schwarzschild mass tends to the ADM mass in the Jordan frame. Taking the leading terms in the expansion of the Tensor and Keplerian masses, one can show that
Hence both of these quantities have a clear operational definition and both may also be derived from the gravitational Hamiltonian of the system, so both are directly related to the energy of the spacetime. Note that M ∞ is the ADM mass of the star in the Einstein frame, which is not equal to m ∞ since the derivative of the conformal factor e −φ which relates the two frames is non-vanishing (this contradicts a statement given in [3] ). Numerical calculations show that φ 1 is positive for all non-vacuum solutions and hence the mass values at infinity obey the relations
For each value of the mass M n there is an associated binding energy B n per unit boson mass given by
This expression is independent of the unit of mass chosen. The choice of which B n correctly measures the binding energy of the star depends upon which mass value M n corresponds to the true energy of the star.
Weak and Strong Field Solutions
In this Section we discuss some features of the zero node solutions of the equations of motion (2.11) to (2.14). As mentioned above, these solutions are parameterised by P 0 and φ ∞ . The former quantity determines the energy density of the boson field at the origin and for each pair of parameters (P 0 , φ ∞ ) there is a unique pair of eigenvalues (Ω, e ν 0 ) that give a zero node solution with the boundary conditions (2.15). The product Ωe −ν 0 measures the bosons' ground state energy per unit boson mass at the origin, as seen by an observer at r = ∞. This quantity increases monotonically with P 0 and the pair (Ωe −ν 0 , φ ∞ ) serves as an alternative parameterisation of the solutions. The equations of motion and the mass equations (3.4), (3.8), (3.10) and (3.13) are invariant under the rescaling
where k is a constant, while N ∞ rescales under eqn (5.1) as
Hence each value of k generates a new, physically distinct solution with a different gravitational coupling and causes a compensating change in N ∞ . Equation (5.1) is the relativistic analogue of eqn (3.3) and the rescaling swaps energy between the dilaton part of the gravitational field and the boson energy density is such a way as to leave the total gravitating energy invariant. Given a set of solutions
parameterised by P 0 for some fixed φ ∞ , eqn (5.1) generates a new set
We first consider the behaviour of the solutions in the weak field limit, which we define as the limit in which P (r) is small but non-zero. Following Kaup [7] , we write the boson field amplitude as P = εΠ(a) (5.5)
where 0 < ε ≪ 1 and a is a new radial coordinate defined by a = √ εr. We use ε as an expansion parameter and to lowest order in ε we write the metric functions, dilaton field and energy eigenvalue as
where E(P 0 , φ ∞ ) is positive and constant for each solution. Equations (2.11) to (2.14) then reduce to
Using eqn (2.17), the derivatives of eqns (3.4), (3.8) and (3.10), and the weak field equations of motion the quantities N ∞ , m ∞ , M ∞ and M ∞ may be written as the integrals
Equation (5.12) shows that, in the weak field limit, the ADM mass in negative for ω < −1 − ε. This is a consequence of treating φ as a matter field. The energy density may be written partly in terms of the weak field variables to give
where we have shown the dilaton contribution to lowest non-zero order in ε and one can show that the second term on the right is also of order ε 2 . Equation (5.9) implies that dΦ/da is positive, so that the dilaton contribution to the total density in eqn (5.15) is negative. As ω decreases below ω ∼ −1, the derivatives of the dilaton field increase in magnitude and the total density becomes dominated by the (negative) dilaton term. This leads to a negative Schwarzschild mass gradient for all r and so gives a negative quasilocal mass m(r), and hence negative m ∞ . When ω > −1 + ε the coupling between the dilaton and the curvature is weak enough for the boson field density to dominate over the dilaton density, so that in this case both m(r) and m ∞ are positive. For |ω − 1| ∼ ε we need to go to higher order in ε to calculate m ∞ . However, numerical calculations show that m ∞ increases smoothly from negative to positive values as ω increases over the inerval ω ∈ (−1 − ε, −1 + ε).
In the limit a → ∞, equations (5.8) and (5.9) may be integrated to give
where the integration constants have been set to zero so that these equations conform to the boundary conditions discussed after eqn (2.15). Equation (5.7) leads to
As a → ∞ the O( √ ε) terms vanish and we recover the asymptotic vacuum line element given by eqn (4.1). Comparing eqns (5.16) and (5.17) to the weak field solution given in [1] we find that, asymptotically, the weak field solution describes the gravitational field about a small central source of bare mass N ∞ . Equations (5.13) and (5.14) then show that the weak field limit Tensor and Keplerian masses may be written as the products M 2 = G 2 N ∞ , M 4 = G 4 N ∞ where the coupling strengths G 2 , G 4 are given by
Hence the weak field solutions are Newtonian in the sense that the bare mass of the star may be separated from the gravitational coupling strength. However, this coupling is not unique and its strength depends upon the properties of the orbiting test particle that we use to measure the star's mass. We now consider the strong field solutions. Expanding the solutions of the equations of motion in powers of r about r = 0 one can show that close to the centre of symmetry the dilation field behaves as
and the sign of dφ dr at the origin depends upon the value of Ωe −ν 0 . For Ωe −ν 0 > √ 2, φ is initially decreasing with r and the converse is true for Ωe −ν 0 < √ 2. For the ω = −1 solutions the change in sign occurs where P 0 = 0.60, in the strong field regime. For Ωe −ν 0 = √ 2 we must go to the next term in the expansion of φ to find the sign of dφ dr , which turns out to be highly sensitive to ω. All solutions have φ ′ > 0 as r → ∞. Hence the solutions fall into two classes: those with Ωe −ν 0 > √ 2 have a minimum in φ, while those with Ωe −ν 0 < √ 2 have no minimum and φ increases monotonically with r. In the former case, when ω = −1, φ ′′ is large and positive in the region in which φ takes its minimum value. This is the dominant term in the expression for 2φ and from eqn (3.6) it makes a negative contribution to ρ in this region, leading to the condition m ′ < 0. Although the Ωe −ν 0 > √ 2 solutions have no minimum in φ, for each ω = −1 solution there is still a region in which φ ′′ is large and positive, enough to give rise to a region in which m ′ is negative. For strong field solutions, ρ becomes positive again as r → ∞ and the derivatives of φ die out so that in this limit the Schwarzschild mass m(r) has a positive gradient. Figure 1 shows curves of asymptotic mass as functions of P 0 for a range of boson star solutions with ω = −1 and φ ∞ = 0. Four mass curves are shown: the rest mass N ∞ , the ADM mass m ∞ , the Tensor mass M ∞ and the Keplerian mass M ∞ . The mass curves exhibit qualitatively similar behaviour to the ADM mass and N ∞ curves shown in [4] , [6] and [12] : each mass value increases with P 0 to reach a maximum, decreases and then oscillates about some lower value as P 0 increases further. However, there are quantitative differences between the GR and BD solutions and the low value of ω we have chosen highlights these. The ADM and Keplerian mass curves do not peak at the maximum rest mass solution. This feature is independent of the value of φ ∞ chosen, as one can see from eqn (5.4). The first maximum in the Tensor mass does appear to coincide with the corresponding peak in the rest mass. We do not show analytically that this is so, but we have at least confirmed the coincidence numerically to 3 significant figures of accuracy. As ω increases, φ 1 → 0 and the three mass values start to coincide. In particular, the initial peaks in the mass curves begin to overlap and we conjecture that for the GR solutions, for which the Tensor and Keplerian masses reduce to the ADM mass, the maximum m ∞ solution does coincide with the maximum N ∞ solution.
Discussion
We have discussed three definitions of mass for a boson star in BD theory: the ADM mass m ∞ , the Tensor mass M ∞ and the Keplerian mass M ∞ . Each may be derived from an ADM-like mass equation, each is the asymptotic limit of some quasilocal mass definition and each gives a different binding energy B n .
We reject the ADM m ∞ mass as a measure of the energy of the star, and the Schwarzschild mass m(r) as a quasilocal measure of energy. As we have seen, m(r) is negative is some region of all of the solutions and m ∞ may be negative for the weak field solutions. These are obviously undesirable properties for a function that describes the energy of the star: we expect the quasilocal mass to increase with r and the asymptotic mass to be positive. The undesirable behaviour of m(r) and m ∞ is a consequence of treating the dilaton terms in the field equations (2.2) as just another part of the energy momentum tensor, and do not mean that the solutions are unphysical in any way.
In the Jordan frame representation of the theory we have adopted here, φ is an extra gravitational field and its contribution to the energy of the spacetime must be treated on a similar footing to the metric field contribution. The quasilocal Tensor and Keplerian masses do this. Note that neither of these two quantities may be written as an integral of some component of the total energy momentum tensor. This is not surprising since they are not defined by considering the energy density of the dialton field directly. Of the two orbital masses, we conjecture that the Tensor mass is the most useful definition of the star's energy, since it obeys the conditions given in Section 3 and also has the important property that the maximum Tensor mass and maximum rest mass solutions appear to coincide. This is an important requirement for the stability analysis outlined in [8] and [9] : two conserved charges (in this case mass and particle number) are required to peak at the same solution and this peak marks the onset of dynamical instability. Ideally one would like an analytical proof that the Tensor mass does indeed have this property.
